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SUMMARY 
Most h y p e r e l a s t i c  materials are t r e a t e d  as i n c o m p r e s s i b l e  o r  n e a r l y  
i n c o m p r e s s i b l e   i n   a n a l y t i c a l   a p p r o a c h .  The u s e  of t h e   p e n a l t y   f u n c t i o n ,   t o  
a c c o u n t  f o r  n e a r  i n c o m p r e s s i b i l i t y ,  i s  d i scussed  and  compared t o  t h a t  of 
Lagrange  mul t ip l ie r .  A scheme t o  u s e  L a g r a n g e  m u l t i p l i e r ,  w i t h o u t  h a v i n g  
t.o treat i t  as unknown, is a l s o  p r e s e n t e d .  
INTRODUCTION 
I n  t h e  v a r i a t i o n a l  f o r m u l a t i o n  of t he  f in i t e  e l emen t  p rob lems  of 
i ncompress ib l e  med ia ,  t he  incompress ib i l i t y  cond i t ion  i s  in t roduced  through 
t h e  u s e  o f  L a g r a n g e  m u l t i p l i e r  ( 1 , 2 ) .  T h i s  m u l t i p l i e r  is  a n  a d d i t i o n a l  
unknown sca l a r  func t ion  wh ich  canbeacconmoda ted  in  the  d i sc re t e  mode l  
by d isp lacement  shape  func t ions  or  by similar methods.  The  procedure re- 
s u l t s  i n  a n  i n c r e a s e  i n  t h e  number of unknowns. 
The i n c o m p r e s s i b i l i t y  c o n d i t i o n ,  a s i d e  f rom be ing  inconvenient  in  
f i n i t e  e l e m e n t  a n a l y s i s ,  is  an  approx ima t ion  fo r  rubbe r l ike  materials. 
Such approximation becomes increasingly less a c c u r a t e  as the  pe rcen tage  
o f   ca rbon   b l ack   i nc reases   i n   t he   rubbe r  compound ( 3 ) .  The exact enforcement 
o f  i ncompress ib i l i t y  i s  t h e r e f o r e  n o t  a c t u a l l y  r e q u i r e d .  
I n   t h i s  work t h e  n e a r  i n c o m p r e s s i b i l i t y  i s  accounted  for  by  use  of  the  
p e n a l t y  f u n c t i o n  ( 4 )  i n  t h e  e x p r e s s i o n  f o r  t h e  s t r a i n  e n e r g y  f u n c t i o n .  
The c o n s t i t u t i v e  e q u a t i o n s  are then   ob ta ined   in   incrementa l   form.   This  
i s  m o s t  s u i t a b l e  f o r  a n o n l i n e a r  f i n i t e  e l e m e n t .  The i n c o m p r e s s i b i l i t y  
i s  shown t o  b e  c l o s e l y  s a t i s f i e d  f o r  l a r g e  p e n a l t y  n u m b e r s .  The 
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c o n s t i t u t i v e  r e l a t i o n s  w i t h  p e n a l t y  number are compared w i t h  t h e  exact 
s o l u t i o n  f o r  t h e  i n c o m p r e s s i b l e  case. It is shown t h a t  f o r  a given  accuracy 
of t h e  s o l u t i o n ,  t h e  p e n a l t y  number m u s t  v a r y  i n  t h e  c o u r s e  o f  f i n i t e  
e lement  solut ion from element  to  e lement  and from one increment  to  the 
next .  Some n u m e r i c a l  r e s u l t s  are p r e s e n t e d  t o  i l l u s t r a t e  t h e s e  p o i n t s .  
A s imple scheme t o  u s e  v a r i a b l e  p e n a l t y  number i s  a l s o  p r o p o s e d .  F i n a l l y  
the  inc remen ta l  form of c o n s t i t u t i v e  e q u a t i o n s  f o r  t h e  case of  incompressible  
material is de r ived  f rom the  s t r a in  ene rgy  func t ion  wi th  the  Lagrange  
m u l t i p l i e r .  An a l t e r n a t i v e  p r o c e d u r e  is  then  proposed  which  does  not  requi re  
t rea tment  of  the  Lagrange  mul t ip l ie r  as unknown. 
BASIC EQUATION 
The s t r a i n  e n e r g y  f u n c t i o n  W f o r  i s o t r o p i c  h y p e r e l a s t i c  materials 
has  the  fo l lowing  form: 
\fiere 11, 1 2 ,  and h a r e  the  th ree  inva r i an t s  o f  Green-Lagrange  s t r a in  t enso r  
and are r e l a t e d  t o  s t r a i n  components, fo r  t he  ax i symmet r i c  case ,  as fo l lows:  
I 2  = 3 + 4 ( Y 1 1  + Y 2 2  + Y 3 3  + Y 1 1  Y 2 2  + Y 1 1  Y 3 3  + t t t t t  t t  
t t  t 
Y 2 2  Y 3 3  - Y122) 
t t t 
Y11 ,  Y22and Y 3 3  are t h e   c u r r e n t   v a l u e s  of s t r a i n s .   I n   t h i s  work, o n l y   t h e  
axisymmetric case i s  considered.  The discussion,   however ,   can  be  extended Co 
the three-d imens iona l  case w i t h o u t  a n y  d i f f i c u l t y .  I n  t h e  a x i s y m m e t r i c  r,ase, 
t h e  s t r a i n  i n v a r i a n t s  are r e l a t e d  t o  c u r r e n t  d i s p l a c e m e n t s  by 
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x2 i s  t h e  axis of  symmetry  and ~ 1 x 2  i s  t h e  a x i s m e t r i c  p l a n e .  The 
c u r r e n t  d i s p l a c e m e n t s  p a r a l l e l  t o  x1 andxz axes are denoted bytul and U P  
r e s p e c t i v e l y .  
The second  Piola-Kirchoff stress tensor  components T a t  c u r r e n t  
t i j  
time, can  be  obta ined  f rom the  fo l lowing  re la t ions  
To o b t a i n  t h e  i n c r e m e n t a l  form of c o n s t i t u t i v e  e q u a t i o n s  we d e f i n e  
- t + A t  t 
Yi j  - Yij  - i j   , j  = 1,2,3 
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where T and Y..are inc remen ta l  stress and  s t r a in  componen t s  r e spec t ive ly .  
The i n c r e m e n t a l  s t r e s s - s t r a i n  r e l a t i o n s  may  now be  obta ined  f rom the  
p r e c e d i n g  e q u a t i o n s ,  a f t e r  some a lgeb ra i c  man ipu la t ions ,  as 
i j  
1J 
where 
i, j , e =  1 , 2 , 3  
i , j . .  .= 1 , 2 , 3  
Repeated  indices  imply  summation  convention. 
STPJ.IN ENERGY AND PENALTY  FUNCTION 
The s t r a i n  e n e r g y  f u n c t i o n  f o r  n e a r l y  i n c o m p r e s s i b l e  materials can be ob- 
t a i n e d  by' a series expansion of t h e  s t r a i n  e n e r g y  f u n c t i o n  a b o u t  (13-1) 
a n d  r e t a i n i n g  t h e  l e a d i n g  terms 
We o n l y  c o n s i d e r  t h e  f o l l o w i n g  s p e c i a l  case 
where H, and H, are cons tan t s .  Many d i f f e r e n t  s t r a i n  e n e r g y  f u n c t i o n s  
have  been  proposed i n  t h e  l i t e r a t u r e  by fu r the r  expans ion  o f  W, and 
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r e t a i n i n g  t h e  l e a d i n g  terms. A general   form  covering  the  proposed 'models  i s  
" = ij=o c cij (11-3)i (12-3)' + H l ( I 3 - 1 )  + J h ( I 3 - 1 )  
where Cij are cons t an t s .  The cons t an t  H, i s V n o t  i n d e p e n d e n t  i f  t h e  undeformed 
state is  stress f r e e ,  a n d  s h o u l d  s a t i s f y  t h e  f o l l o w i n g  r e l a t i o n  
coo = 0 
We may  now cons ide r  H2 as a p e n a l t y  number t o  h a n d l e  t h e  i m c o m p r e s s i b i l i t y .  
The s a t i s f a c t i o n  o f  i n c o m p r e s s i b i l i t y  r e q u i r e s  H 2  t o  a p p r o a c h  i n f i n i t y .  
F o r  p r a c t i c a l  p u r p o s e t h e  i n c o m p r e s s i b i l i t y  c a n  b e  a p p r o x i m a t e l y  s a t i s f i e d  
by n o t  t o o  l a r g e  v a l u e s  of H 2  . The incompressibi l i ty   can,   however ,   be  
s a t i s f i e d  more a c c u r a t e l y  as H 2  g e t s  l a r g e r .  
I n  f i n i t e  e l e m e n t  a n a l y s i s ,  h o w e v e r ,  t h e  l a r g e  v a l u e s  o f  H 2  can 
l e a d  t o  c o m p u t a t i o n a l  p r o b l e m s  d u e  t o  o v e r r i d i n g  s t i f f n e s s a s s o c i a t e d  w i t h  
H Z  , as d i s c u s s e d  i n  ( 4 ) .  A scheme t o  employ t h e  v a r i a b l e  H2 , depending 
on t h e  l o c a l  d e v i a t i o n s  f r o m  i d e a l  i n c o m p r e s s i b i l i t y ,  c a n  t h e r e f o r e  i m p r o v e  
t h e  s o l u t i o n  as  d i scussed  later. On t h e  o t h e r  hand we  can  r ecove r  the  
c l a s s i c a l  a p p r o a c h  by l e t t i n g  H Z  be  ze ro  and  t r ea t ing  H I  as the  unknown 
Lagrange  mul t ip l ie r  
1 3 - 1 = 0  
U n l i k e   t h e   p e n a l t y   f u n c t i o n ,  i s  then  considered as a n   a d d i t i o n a l  unknown 
and i s  e q u i v a l e n t  t o  h y d r o s t a t i c  p r e s s u r e .  
ONE DIMENSIONAL  STRESS-STRAIN 
RELATION 
To compare  the  express ions  (16)  and  (18)  and  to  see the  behaviour  of t h e  
material w i t h  p e n a l t y  number, w e  c o n s i d e r  t h e  case of one dimensional stress- 
s t r a i n  r e l a t i o n .  L e t  us cons ider   an  axisymmetric medium s u b j e c t  t o  t h e  
f o l l o w i n g  u n i f o r m  s t r a i n  f i e l d :  
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Y22 = Y 
where Y and 7 are cons tan t s .  L e t  u s f u r t h e r  assume  the  s implest   form of 
W 1  s u c h   t h a t  
F o r  s t r a i n  e n e r g y  f u n c t i o n  (18), t h e  s t r e s s - s t r a i n  r e l a t i o n s  are 
(1 + 2y) (1 + 2 3 2  - 1 = 0 
We choose X , so t h a t  ' r l1 and T 3 3  are bo th  ze ro  t o  s i m u l a t e  t h e  u n i a x i a l  
l o a d i n g .  T h i s  c h o i c e  w o u l d  t h e n  l e a d  t o  t h e  f o l l o w i n g  s t r e s s - s t r a i n  r e l a t i o n  
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TT' l z l C  = [ 1 - (1 + 2y)-3/2] (2c1 + 2 C2(l  + 2y ) -112) 
The  Cauchy stress 0 i s  t h e n   r e l a t e d   t o  -c22 by 2 2  
022 = ( 1   + 2 y )  T22 (24) 
The o n e - d i m e n s i o n a l  s t r e s s - s t r a i n  r e l a t i o n  f o r  t h e  case of p e n a l t y  
number i s  now obtained from (16) 
Fol lowing the same procedure,  we a r r i v e  a t  the  fo l lowing  one  d imens iona l  
c o n s t i t u t i v e  e q u a t i o n  
where 7 is  now r e l a t e d  t o  H 2  by 
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2H2 1 1  + 2 3  (1 + 2y) - 11 = 
The a b o v e  e q u a t i o n  m u s t  b e  s a t i s f i e d  f o r  a l l  va lues  of  H2 . It can  be 
s e e n  t h a t ,  f o r  H ,  a p p r o a c h i n g  t h e  i n f i n i t y ,  t h e  a b o v e  e q u a t i o n  d e g e n e r a t e s  t o  
(1 + 21/)2 (1 4- 2 y )  - 1 = 0 (28) 
which i s  t h e  e x p r e s s i o n  o f  i n c o m p r e s s i b i l i t y  c o n d i t i o n .  I n  t h i s  case 
equat ion  ( 2 6 )  would become i d e n t i c a l  t o  e q u a t i o n  ( 2 3 ) .  
INCOMPRESSIBILITY AND PENALTY NUMBER 
We c o n s i d e r  t h e  case where  incompress ib i l i ty  is  t o  b e  s a t i s f i e d  w i t h i n  
some p resc r ibed  accu racy  E ; t h a t  i s  we r e q u i r e  
For n u m e r i c a l  i l l u s t r a t i o n ,  c o n s i d e r  t h e  case where 
1 = 4  C 
c2 
Combining equa t ions  ( 2 7 )  t o  ( 3 0 ) ,  w e  arr ive a t  t h e  f o l l o w i n g  r e l a t i o n  
w-here 
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x = 1 + 2 y  
H =  2H 2 
c2 
and E << 1 
For small v a l u e s  of E , t h e  r e l a t i o n  ( 3 1 )  c a n  b e  f u r t h e r  s i m p l i f i e d  t o  
HE = 6 - z  - ~ y 2  1 x + 4  ( 3 3 )  
The s t r e s s - s t r a i n  r e l a t i o n  of t he  equa t ion  (23)  i s  p l o t t e d  i n  E i g u r e  ( 1 ) .  
The v a r i a t i o n  of HE as f u n c t i o n  of s t r a i n  i s  p l o t t e d  i n  E i g u r e  ( 2 ) .  
It can  be  seen  tha t  as y i n c r e a s e s ,  H mus t  a l so  inc rease  acco rd ing ly ,  
t o   m a i n t a i n   t h e  same accuracy  E: on i n c o m p r e s s i b i l i t y   c o n d i t i o n .  It can 
a l s o  b e  n o t e d  t h a t  h i g h e r  v a l u e s  of H are r e q u i r e d  i n  c o m p r e s s i o n  t h a n  i n  
tens ion .  The r e l a t i o n  (26)  may  now b e  w r i t t e n  as fol lows:  
Comparing ( 3 4 )  and ( 2 3 ) ,  i t  i s  observed  tha t  the  stress f o r  a n e a r l y  incom- 
p r e s s i b l e  model i s  always less t h a n  t h a t  of an incompressible  model ,  for  the 
same s t r a in .   Th i s   d i f f e rence ,   however ,   depends  on t h e  E and  approaches 
zero  as E approached  zero,  o r  H a p p r o a c h e s   i n f i n i t y .  The re la t ive e r r o r ,  
however, i s  
L 
i n c  
For a f i x e d  H,  E i n c r e a s e s  w i t h  y b u t  t h e  relative e r r o r  i n  t h e  stress 
i s  governed by ( 3 5 )  which i s  less s e n s i t i v e  t o  a v a r i a t i o n  i n  H . 
El imina t ing  E between (35) and ( 3 3 ) ,  we o b t a i n  
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The above equat ion relates the magnitude of H t o  level of s t r a i n  f o r  
a p r e s c r i b e d  e r r o r  e . The equa t ion  (33) o r  ( 3 6 )  may serve as a n  
approximate  method  of  updating H, i n  a problem  of  combined stresses, f o r  
improved  accuracy i n  i n c o m p r e s s i b i l i t y  o r  stress c a l c u l a t i o n .  F u r t h e r  
work is, however ,  requi red  to  deve lop  a more v i g o r i o u s  scheme 
i n  t h e  g e n e r a l  case. 
INCREMENTAL  FORM  OF LAGRANGE MULTIPLIER 
We now c o n s i d e r  a n  a l t e r n a t i v e  a p p r o a c h  t o  i n c o m p r e s s i b i l i t y  p r o b l e m s .  
L e t  u s  c o n s i d e r  t h e  f o l l o w i n g  s t r a i n  e n e r g y  f u n c t i o n  
w = Wl(I1, 1 2 )  + x (13-1) 
1 3 - 1  = 0 
where x is  t h e   L a g r a n g e   m u l t i p l i e r .  The  second  Piola-Kirchoff stresses 
can now be  ob ta ined  as f o l l o w  
where tx i s  t h e   c u r r e n t   v a l u e   o f  x . The i n c r e m e n t a l   s t r e s s - s t r a i n  
r e l a t i o n s  may be ob.tained by a procedure similar t o  t h a t  u s e d  i n  t h e  
preceding   pages .   This   would   l ead   to  
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x =  - x  t + A t x  t 
where X is  the  inc remen t  i n  the  Lagrange  mul t ip l i e r  be tween  two consecut ive  
s t e p s  i n  t h e .  i n c r e m e n t a l  s o l u t i o n .  The incrementa l  form of i n c o m p r e s s i b i l i t y  
cond i t ion  i s  
m u l t i p l y i n g  b o t h  s i d e s  of (39) by Yif3 and use of (411, l e a d s  t o  
or 
a 2~ 
'ij k l  
- 
a Yi j  a Y U  t t 
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C 
The fo l lowing  scheme may  now b e  c o n s i d e r e d  f o r  t h e  s o l u t i o n  o f  
incompress ib le  materials w i t h o u t  t h e  n e e d  f o r  i n t r o d u c i n g  t h e  unknown Lagrange 
m u l t i p l i e r .   I n   t h e   p r o c e s s  of inc remen ta l   so lu t ion ,   t he  last  term i n  t h e  ' 
r i g h t  hand  s ide  of   equat ion  (39)  i s  ignored.  A t  the   end  of   each  increment ,  
t X  c an   be   upda ted   f rom  r e l a t ion   (43 ) .   The re  is, therefore ,   no  need  of  
t r e a t i n g  x a s  an  independent  unknown. No numerical   work,  however,   has 
b e e n  c a r r i e d  o u t  w i t h  t h i s  a l t e r n a t i v e  p r o p o s e d  scheme a t  t h i s  time. 
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Figure  1.- One-d imens iona l  s t r e s s - s t r a in  r e l a t ion .  
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Figure  2.- V a r i a t i o n  of HE with. s t r a i n .  
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